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This paper discusses the recursive (on inej estim ation o-f parameters

in regression and autoregressive integrated moving average (ARIMA) time series

models. The approach which is adopted uses Kalman filtering techniques to

calculate estimates recursively . This approach can be used for the case of

constant as well as time varying parameters .

In the first section the linear regression model is considered and recur-

sive estimates of the parameters, both for constant and time varying parameters,

are discussed . Since the stochastic model for the parameters over time will be

rarely known, simplifying assumptions have to be made. In particular a random

walk as a model for time varying parameters is assumed and it is shown how one can

determine whether the parameters are constant or changing over time.

In the second section the recursive estimation of parameters in ARIMA

models is considered . If moving average terms are present, the model has to be

linearized and the Extended Kalman Filter can be used to recursively update

the parameter estimates. The first order moving average model is discussed

in detail. — —- -.
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SIGNIFICANCE AND EX PLA NATI ON

The problem discussed in this paper is the following : Observations

up to time n (of, for example , business data or missile positions) are

available and one wants to estimate unknown parameters in regression or

autoregressive integrated mov ing average models in order to predict fut1ure

values.

An additional observation is recorded . The question becomes how to

update the parameter estimates from the previous estimates and the most recent

observation without storing the complete past history of the data. The

answer to this question will depend on whether the parameters in these models

are assumed constant or whether they themselves follow a given stochastic

process.

This recursive estimation procedure (which is sometimes called on—line

estimation or parameter tracking) is important if the observations become

available sequentially in time. It has applications in economics and

business, where economic ind icators and sales data are updated every week,

month or quarter; it can also be applied to the control of satellites or

ballistic missiles where the position in space is recorded every few seconds.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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A RECURSIVE APPROACH TO PARAMETER ESTIMATiON IN REGRESSION

AND TIME SERIES MODELSt

Johannes Ledolter

1. cu rsIv~ j~arameter est imat ion in rej ress ion models

!~1 .i~ We consider n observations from the regression model

+ a~ (1.1)

wh.~r :  z~ ~~ the dependent variable at time t

h = (h h ) is a set of m independent variables at time t

{a
~
} isa sequ:nce of independent normal random variables N(O ,o

2).

Standard regression procedures assume that the parameters are constant over time

6 for all t) . In this case the least squares (maximum likelihood ) estimates

of 11. given all the data up to and includ i ng time n, ar(

8 =

where

(n)z =(z ,z z)
1 2  n

~
(n) 

~ ‘
~~ 

‘~~~~~n~
’

A recursive version of least squares estimates in regression models was first

given by Plackett 181 . He proves that the parameter estimates at time n are linear

combinations of the estimates at time n - 1 and the prediction error z - ~~~n -n-n-l

Plackett ’s solution can be shown to be a special case of a more general procedure

which , in the engineering literature , is known under the name of Kalman filtering

(Kalman 14), Kalman and Bucy 151). In the following section (~ l.2) we given a brief

review of this approach. A similar discussion is given by Duncan and Horn 121 .

• 
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§1 .2 :  We ‘‘ i:, id . r  the r •qr ”;sion model in (1.1)

= t~~~ ( 1 . 2 )

w i t h  p a r a m e tEr s  wi 1 :iiari’ p a .  “ r d  i i ~~ to .i m u l t i  .1. . ( rn—d imens iona l )  autoreqress  ive model

= T1~ e (1.3)

a se.pi .r~. : ’  of i ndependent  norm al  r an d o m  var  i ah l e~, N (O .0
2
11) . Fur th ermore

i t  is  assumed t hat  f and ,j a r e  indep e n den t ;  E a f  = 0.

Assurn i x q  t h a t  
~~~~, t he  i n i t i a l  F~~ramet er  v . . ’ :t or  a t  t i m e  ~~ , fo l lows  a normal

distribu tion with 
~ 

tation and covarianc,, matrix e2P
010

, i t is easi l y

shown that:

(i-i) (ti 2 
1
~t I t ~-i 2 ~~~~~~ ~tIt- l~

t.
,H ,o •~~.

T.6
OjO

.I
~ )k)

l N
m+i 

ii (1.4)
h 1 ~ h P  1+h P  h-t ..t )t—l -t t l t — i  -t t j t — i - ’t

arid

p (8 J z
(t )

H
( t b

u 2
b T 6

1
P

1
~~ N { ~~~ 1 , ~~

2P
1~~~ . (1.5)

It follows from properties of the norma l distribution that

~tIt 
= 

~t~ t-l 
+ K t_ t 12

~ 
- 

~~~~ 
(l.6a )

= — 
1
h~ P

1 
. (l.6b)

Kt i  
= 

~~~~~~ 
+ IYP

f 
h I ’ (l.6c)

• is called Ealman ga in .  Fur thermore  it follows from (1.4) that

p~~~~+l
(t )

, t > , 0 2 ,T ,~~O I o
, p

O I O
) N ( B 1 1 , 0 2P

11
)

where

= TB (1.6d )-.t+l t “ t t

TP
t I

T + H . (1.be)

Equations (l.6a)— (1.6e) can be used to calculate the parameter estimates recursively

as each new observation becomes available in time. and are starting values

for the recursive estimation procedure in •‘l .Iti on s (1.6). To r e f l e ct  ignorance about the

L~



parameters at time zero (before observations become available), the matrix p
010

is usually chosen diagonal with large values in i t s  diagonal . if  n is moderately

lar ge , the ini ti al choice of 601o will he dominated by the information from the data .

§1 .3: For the case T = I and ~i = 0 the above procedure specializes to the recursive

least squares al gori thm discussed by Plackett (8)

~t I t  = 

~t- llt -1 
+ ( j  + 

~~ 
t_ l I t _ 1~ t)~~~ t_ l l t _ l~ t

(z
t 

- 

~~
Bt i It i

) (1.7a)

and

I = F — (1 h’P h ) 1p h h ’ P . (l.7b)t i t t- l~~t—1 - t t -l It- l - t t - l I t - i - t - t  t -l It -i

§1 .4: E q u a t i o n  ( 1 . 3 )  s p e ci f i e s  an au to reg re s s ive  ~.rc~ ’ess as model for  the t i m e  v a r y i n g

parameters. This, however , is not a serious restriction since by the introduction

of additional state variables any autoregressive integrated moving average (ARIMA )

l r ~~cc ss can Ia- brought i nto this form .

by S u bst i tu t ion  it can 1..- shown tha t the  regression model (1.2) in which the

Parameters 1~ follow a mul tiple APIMA process

(I - - 
j. 1 t +l 

= ( I  — 

~~~ 
- — 

q
8 1

t+l (1.8)

where I i s tI~ • i den tity matrix and ‘F
1 

l. ,H H are known rn m ) ma~ir i ‘es ,

cat ,  Pc w i ;  t t, :, is :

= 

1 ,

k—l )m 

~:t 
+ (1.9)

=kt+l k -kt kt+l

and

-t

IIY O . .. 0 ’ )  + (1.10)

~~~~~ 
- ~ - ~~~~~~~~~~~ 
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k = rnax(p,’~ + l}; = 0 for i — p; = 0 for j  > q; T
(k—l)m 

is the 1k — i)m

identity matrix; 
~~~+i 

= 
j—l~ t+l 

for 2 
~ i ~ 

k.

The recursive procedures given in (1.6) can be applied to the system described

by equations (1.9) and (1.10) .

§ 1.5: The model in equation (1.4) assumes that the parameters vary around the

or igin . In general, however , parameters Will vary around a level 8 which will be

d i f f e r en t  f rom zero .

Redefining the matrix T will , however , allow for ~ � 0:

T T — I I

— 
= 

— 
+ e 

+1 
(1.11)

6t+l ~ I a t

z~ = 1h 0’1 + a . (1 .12)

~~~~~~ A random walk model for the parameters

‘rho r e c u r s i v e  es t ima t ion  procedures in equations (1 .6 )  are very general.

Theoretically, they can be used to update regression estimates for any ~~ ARIMA

model for the parameters.

In practice , however , the model for the parameters is rarely known and simplify-

ing assumpt ions about this model have to be made. A particularly useful and simple

model for time varying parameters is the random walk model,

B = B + e (1.13)
-t+l — t t+l

which equivalently can be written as

t
B =~~~~ +
- t+ l  -0 

j =O

It represents the parameter at time t + 1 as a sum of the parameter at time 0 and

a cumulative sum of independent random variables. The random waik model allows for

smooth changes in the parameters. The variability of the parameters depends on the

covariance matrix E
~ e

e
~ 

— ~~~~ If H = 0 the parameters are constant over time.
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Using the observations up to and i n c l u d i ng time n , we address the ques t ion

whether the parameters in the regression model (1.2) can be considered constant, or

whether there is indication of time changing parameters (ii * 0 in the random walk

model).

:.i-ttinq T = 1, it fol lows from equation (1.4);

p t I
t
~~ ,uj (t) ,O2,P,~aIa ,

p
ola ) 

- N (h~~~l~~ 1
; 2

f )  (1.14)

where

f = l + h ’ P  h
t -t t l t—l-t

Furthermore ,

p ( z
1 z i l l  , o 2 ,~~,6

O l O
, i

0 I O
) 1 Z 11H 1 1 ’ , cJ ,P , 6

0 10
, P

0 10
)

_n{~~~ f
~] 

ex~{_ 
~~~~~~ 

- 

~~~
tlt_ l

)
~~

} 

- (1.15)

• and P
010 

can be treated as parameters. However , if there is li ttle pr ior

informa tion abou t ~~~ the matrix P
010 

in the recursions (1.6) can be chosen

diagonal wi th large entries in its diagonal; for the initial one can choose the

zero vector.

The log likelihood function of the parameters ~
2 

and H is given by

&(o
2

Ilf z H~~~~)~~ - n log C - 

~~ 

log - 

~~ t l  

~~~ 
- 

. (1.16)

The ML estimate of a is given by

— 

~ t—l 

(z
~ 

— h
~~~j~~ 1) 2 

(1 .17)

and the concentra ted likelihood

— ‘~ 
— 

2 t— l 
log 

~~ 
. (1.18)

I 
_ _ _  _ _ _ _ _ _ _  

_ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _
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~in nl i near u j .t  iln i z at  i n :  t e c h n iq u e s  car, hi used t . ,  d r i v e  the ML s t  i m a t.  of the

Cev ir i . r , ’i matr ix ~i .  ~ p p r n xj m at e  ( I  — n )  100 p e r cen t  co n f i d e n ce  l i m i t s  f o r  the

k(k + 1)
“1:-sects ii. ~

‘
l are q i vi ’ : ,  by th con tours  of

( n )  (n )  ( n I  i n )  1 2
I - -- 2 ‘k ( k + l )  ~~

2

wi, ’ :i /~~~( : )  is the upper l ’i -r c en t  c u t  o f f  v a l u e  of a d i st r l bu t ~ on w i t h  f

l.-’irc:’ ; of freedom.

“ 1  .7: 1 *:, example

Wi cons ider  t h e  model

= + a~ V ( a
~~

) = ~~2 
(l . 19a)

= + e V( f  I = k , 2 
k 0 . ( l . l 9b )

( i )  The updat i ng  r e l a t i o n s  ( 1 . 6 )  s im p l i f y  to

~
‘t I t = B~~1i~~1 + 

~~t - i (t - 1 + k + 1) 
~~

( l
l~~~~~~~ + k) (z - B

~~1j~~ 1) (l.20a)

~~t~~ t 
= 

~~~~~~~~~ 
+ k)/U

~t iIt_ 1 
+ k + I) (1.20b)

ira! the ’ ’.. ra c r i tr a te d  log l i k e l i h o od f u n c t i o n  in (1 .18) -‘ ‘

- n log 0 — 
~ 

log f~ ( 1 .21 )

wi’ , ,  ri

f = p  + h + i
t t—l lt— 1

and

- 2
-2  1 ~ 

(z
~ —e ) p

t=l t— l It — l

The log likelihood function can be calculated and plotted for various k. The maximum

l ik e l i h o o d  est imate k can be found and approxima te (1 - i ) l O O %  conf idence l im i t s

are given by the solution to

— i
c
(kIz

(n)
) I = ~ x~ ( ”)  . (1.22)

a

—6—

_ _  
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‘
4

— ~~~~~~~~~~~~~~~~



(ii) The model in (1 .19) can equivalently be represented as integrated first order

moving average process (Muth (7))

zt = z
~~~1 

+ — ei: t_ 1  ( 1 . 2 3 )

where

0 = ((2 + k) — .6k + k2),

2 20
2

= 

(2 + k) — /4k +

This equivalent representation can be used as check whether the model in equations

(1.19) is justified by the data.

a

—7—
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2 .  a u :  ~n v . -  i n t i m a t i o n  .f,j,.arameters i r ~ A P I M A  t i m i  s er i e s  mr ,aj, . is

§2 .  1 : T,ut : e .”; r . ’n s  ive integrated moving a v ’, r a ’ J . ’  ( A R I M A ) t i m e  s e r ie s  mcd l s a r c  d’-S’:r ;;e’d

by ti . ‘,t ’ ’ct ,a :;t ; . , di ff i ’r .-r, ’i equa l ion

(1  - ~ 1
B - - - ~1,

B~~) (z
~ 

- i~l = (1 - h
~~~B - . . - - i i

q
B~~)a

1 ( 2 . 1 )

wh i r :  H is t h e  I,a ’ ’k ’ ,l jft operator; B
m

z = z

z~ ~s a stationary difference of the origina l observations , z~ = (j  —

rh  rents of ~ (H) I — — - . — a~ 0 and

= 1 — ‘t b  — - . -  — ~ 8q 
= 0 are assumed outside t h e  u n i t  c i r c l e ;

fur thermore ~. ( E r l  = 0 and ‘,(B) = 0 have no common roots.

is a sequence of independent N (0, 1
2
) random variables.

~2.2: Giver , observations ~~~~ = (z ,z z ) ‘ , maximum likelihood stimat. -; for
1 2  n

the parameters B’ = 
~~~~~~~~~~~~~ 

0
1 

6
q
) can be derived , box and Jenkins (1],

Ljung arid Box (6) discuss the derivation of the exact likelihood function of the

).d r~,rn . - t - rs  for this class of models. In general , the exact likelihood function is non—

l i n e ar  in t h e  parameters and iterative maximization techniques have to be used for

tb derivation of the ML estimates. Ljung and Box [6) propose a general method for

t he  c a l c u l a ti o n  of the l ike l ihood f u n c t i o n .

“er pure autoregressive processes tli ’- derivation car, be simplified .

The ML est imates  of ~ = (‘F l~~~2 
‘ F )  can be approximated by the least squares

e s t i mate s .

§ 2 .3 :  ML estimates for the parameters in ARIMA models are nonrecursive in nature.

If d a r t  is collected sequentially (such as quarterly or monthly economic data , sales

data , hourly pollutant measurements) one would , however , prefer recursive estimation

pro.:erliir’as which update the values of the parameters as each new observation becomes

a v a i l a b le .

Updating (tracking) the parameters should not be confused with updating the fore-

casts as discussed by Box and Jenkins (1, Chap ter 5) . Upd a ti ng of the fo r ecas ts

assumes constant parameters and calculates the revised forecast as each new observation

is made available. Tracking the parameters updates the parameter estimates .

—8—

- -
~~~~~~~~~~~~~~~~~
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- -

12 . 4 :  Linearization of the model

The AR IMA model i i ,  (2-1) is nonlinear in the parameters. To derive recur sive

estimates the model has to be linearized . This can be achieved by expanding t i ’, i- A R I M A

model

= u + ~ ir . ( ~~, 0)  (z
~ 

— i i )  + a
~ 

‘2.21

wher e the n . weights in (2.2) are given by the coefficients in

j ~ (B)n ( B )  = 1 — ,r .B = j~’ (2.3)
j>l

in a Taylor series around some reference value 8

Def i n e

f(B;Z
( t 1)

) = p + it . (~~,0)  (z
~ - - i i )  ; (2.4)

j~-l ~~~~~

then ,

z — f(8,z
(t
~~~~ ) + (p  - p)u~~(8) + 

i=l ~~~ 
- 

~1
)v

~~~
(
~~ + 

j=l 
(0 - e

~
) w
~~
(
~
) + a

~ 
(2.5)

where
a

— d ( t — l )u ( s )  = f(8;z

= 
d f(8;Z (

t_1)
) I~=~ (1 < i < p)

w .
~~
(B) = ~j -~— f ( 8 ; z (t

~~ 1 ) l~=~ (1 < j  ‘ q) . (2.6)

z~ - f(8;z
(tU

) = a~~
( 8)  is the one step ahead forecast error for the ARIMA model

wi th parameters 8.

It can be easily shown that

u
~~
(
~~
) - (1 - - ..- - •~ ) / ( l  - - ‘

~~~
‘ -

(1 — $
1
B — • ‘‘ — $ B ~~)v.~~ (B) =

~~~~~~~~~~
_

— 

- 13
1
8 - 

~~~~~~~~~~~~~~ 
(2  

1



n i , ,; t h i ;  -x ;’.in: ;ier , the  ‘; ‘ner.il AP IMJ\ model l i _ I )  w it), t rn.  v i i ,, :,’; ‘ ‘ ‘ i t : .  ‘ il ls

V = TB ; is ‘ = ./ , ( 2 . N )t i l  I I

in l.i - i’xpanrl.’:l around ti, ii,, j ’ ’ ’ ’t , o r’/ V. 1) i r a! n p : ’ ; : , ;  - ‘ 1 i .

- — ( 1 — I l  — ( i — I )  —
— I F t ( V

1
;~/, ) 1 )

~ 
— I , )

( I ’  — 8 1 ‘I’(I’~ — V. I C . ( 2 . 9)
t41 t~~! -t i i i

‘lb’- . I . ‘rn. ’~~t :. i n h ( V .  ~~
( t l  ) 

) = (ii ,v
1 

,.~~~~, V ,W W I ’  it ’ ’ i; yi n, by t h e

; ‘ : e ;;s r on : ;  in ( 2 . 7 )  w i t h  V r e p i n e d  by I’~ -

~;unuria rizinrJ , it is shown that the n on l i ne ar APIMA model with tim ,’ varying para—

m i t e l  ; (tb ’- special case of .‘or,st,anr ; a r a n n c t  i t ’ ;  Is q ivi r, when T = I arid Il = 0) can

be linearized arid aj.).roximat id a:: in (2J1) . ( 2 . ’ )  i s  I inc-ar in th i  measurement dcv in—

t or , : ;  z — ( V . t
;~~~

t I )
) and in the tr-ije. ’t’.ry ( s t a t , , ’)  d e v i - i t i , ; r , : ;  —

lyon a tr,i j n - c  t,’,r y V. and observa t ions a, , on i ’- can cal ‘ii  , i t i ’  the measu r  ement

‘I”v i ,itions — 
~~~~~~~~ 

U
) and u:;i: the Ka Lman filter equations in (1.1,) t o  derive

‘ri ‘:nt i S at ”  ~~~~~~ 
~ 

for the deviations from tti~ trajectory (dV.)
1 

= V.
1 

— - The

‘ 1 : 1  ;m - ,t. ’ for is then ‘;iven by = + (d~ )~~1~~
.

An obvi ous choice for  t h e  n ’ , f i ’ r , ’ r , i ’i ’ t r a j e c t o r y  is B
~ 

= ~~~~ whore is thre

p r i o r  - s t  n i t  ti of the parameter Vic tor V. . However , if our prier ‘st j m a t i ’  is poor,

t he s t a t ,- deviations — can become Inn’;” and the li ra -n i i ty assumption used in

“ “x;’n n.sion (2.5) may be violated .

itowt’v”r , t he  following improvement can hi’ made; t h i -  A P I M A  model (2  .‘t) can be

linearized about each new estimate as estimates l,i-.”,mi- available in time. At time t

(after z~ has become available) we linearize around 0
tIt ’ Processing z

~~~1 
we can

, ; ‘i l - , t :  the parameter vector,  der ive 
~ttl It +i and use this estimate for the next

line arization. This procedure uses a br’tt ’:r i ’st  jm ,i t ’- for the trajectory as soon as

i n,’- l , i -c ’amcs a v a i l a b l e, and I ar.ii i’r rr,r’; ~~~~~ the  t a 1 ‘-“tory dun’ to bad a priori

es t i m a t e s  a r ’  not allowed to propagate .
S

-10-
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i t  I . . !  1 .-i , 1 r ’, r n  t b ’  r’’,’ursiv .’ l i n ’ ’ a r i a , . t t  l ’ ’I ’ i (if II, ’’ AP1M~ mode l tha t

(2 .ln)

i n , . !

( d O )  
I , + I t+ 1 H ii t i i - 

~
‘t, + 1 I t , ‘ (2 11 )

Ii. ’; lb, V t  Im ar i  f t  I t er  i-qua t ,  ot i s  for i i : . ’  1 i n i e a r i z t .d  c/st inn (2.’i) , ti:: updating i-qua—

ti,,,, : m i ’  t! “r’’fer,- qiv’n. }‘,y ;

= ‘iii , (2 . 12 ~ a )- t i l i t  t i t

= ri’ ‘i’’ + 
p 

, (2- 1 21’I14 1 J t  ; J r

~ t l i  
= 

~t I  I - I  V~~~ 1 
(z~ 

- f ( V .~ J t l~~~~
’ 

~~~~ (2. 12i: )

P = I’ - K l~ (Fl ;z
(t
~~~ )t , ( 2 . l 2 d )t J ;  t J t -1 t - i  “t l t- i - t l t- l

I ’ 
1

h ’  ~~~~ ~~~ 
I l  4 h ’  ~~~ I t - I  ~

( t _ 1)  
~11 1_ i h ( V.

~, I t - i  z ( t - l >
H

_ i  
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Ii h u m  models is known under the name 1~~U ’_nmf i d  Va man , F’ i l l  m r  n~J . n- i ’ Jazwr nis ki [3)

f r , r  1.,:: her  y , . f m - r i . r u , ’ i ’ .
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2(
~ ABSTRACT (Cont ’d . )

In the firct section the linear regression model is considered and

recursive estimates of the parameters, both for constant and time varyinq

parameters, are discussed . Sinc e the stochastic model for the parameters

over t ime wi l l  be rarely known , simplifying assumptions have to be made.

In par t icular  a random walk as a model for t ime  varying parameters is assumed

and it is shown how one can determine whether the parameters are constant

or changing over time.

li-i the second section the recursive estimation of parameters in AkIMA

models is considered . If moving average terms are present , the model has tr ’~

be linearized and the Extended Yalman Filter can be used tr, r ec u r s i v e l y

update the parameter estimates . The f i r s t  er du ~r mov i ng ~iv’~rdgf’ mod& i -~

discussed in detail.
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